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Abstract
We show that any orientable Seifert 3-manifold is di2eomorphic to a connected component of the set
of real points of a uniruled real algebraic variety, and prove a conjecture of J+anos Koll+ar.
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1. Introduction
A compact connected di2erentiable 3-manifold M is a Seifert manifold if there is a di2erentiable
map f :M → S into a di2erentiable surface S, all of whose ;bers are di2eomorphic to the circle
S1, and that satis;es the following condition. For every point P of S, there is a ;nite rami;ed
di2erentiable covering U˜ → U of an open neighborhood U of P such that the ;ber product M ×S U˜
→ U˜ is a trivial di2erentiable circle bundle over U˜ (see Section 2 for another—but equivalent—
de;nition). Here, the ;ber product M ×S U˜ is the ;ber product in the category of di2erentiable
manifolds.
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A smooth, projective and geometrically irreducible real algebraic variety X is called ruled if there
is a real algebraic variety Y such that Y × P1 and X are birational [3]. The variety X is uniruled
if there is a real algebraic variety Y , with dim(Y ) = dim(X ) − 1, and a dominant rational map
Y × P1− → X . Of course, a ruled real algebraic variety is uniruled, but not conversely.
Let X be a uniruled real algebraic variety of dimension 3 such that X (R) is orientable. J+anos
Koll+ar has proved that each connected component of X (R) belongs to a given list of manifolds,
containing the Seifert manifolds [7, Theorem 6.6]. He conjectured, conversely, that each orientable
Seifert manifold is di2eomorphic to a connected component of the set of real points of a uniruled
real algebraic variety [7, Conjecture 6.7.2]. In this paper we prove that conjecture.
Theorem 1.1. Every orientable Seifert manifold is di7eomorphic to a real component of a uniruled
real algebraic variety.
The strategy of our proof is the following. Let M be an orientable Seifert manifold. We show that
there is a Seifert ;bration f :M → S and a rami;ed ;nite di2erentiable Galois covering p : S˜ → S
such that the ;ber product
f˜ : M˜ =M ×S S˜ → S˜
is a locally trivial di2erentiable circle bundle. Moreover, the induced action of the Galois group G
of p on M˜ is ;xed point-free (Corollary 2.7). In particular, there is a ;nite group G acting on the
;ber bundle f˜ such that f˜=G ∼= f. We show that there is a structure of a real algebraic surface on
S˜, and that there is a real algebraic vector bundle L˜ of rank 2 on S˜ admitting
(1) a real algebraic action of G on the total space of L˜, and
(2) a G-equivariant real algebraic metric  on L˜,
such that the unit circle bundle in L˜ is G-equivariantly di2eomorphic to M˜ . The statement of
Theorem 1.1 will then follow.
Conventions. A manifold is di2erentiable, compact and connected, and without boundary, unless
stated otherwise. A Riemann surface is compact and connected. A real algebraic variety is smooth
projective and geometrically irreducible, unless stated otherwise.
2. Seifert brations
Let S1 × D2 be the solid torus where S1 is the unit circle {u∈C; |u| = 1} and D2 is the closed
unit disc {z ∈C; |z|6 1}. A Seifert 8bration of the solid torus is a di2erentiable map of the form
fp;q : S1 × D2 → D2; (u; z) 	→ uqzp;
where p and q are natural integers, with p 
= 0 and gcd(p; q) = 1.
Denition 2.1. Let M be a 3-manifold. A Seifert 8bration of M is a di2erentiable map f :M → S
into a surface S having the following property. Every point P ∈ S has a closed neighborhood U
such that the restriction of f to f−1(U ) is di2eomorphic to a Seifert ;bration of the solid torus.
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More precisely, there are natural integers p and q, with p 
= 0 and gcd(p; q) = 1, and there are



















commutes. We will say that M is a Seifert manifold if M admits a Seifert ;bration.
In the literature, e.g. [8], nonorientable local models are also allowed. Following Koll+ar, we kept
Seifert’s original de;nition of a Seifert manifold.
Let us show that Seifert ;brations, as de;ned above, satisfy the property mentioned in the Intro-
duction.
Proposition 2.2. Let f :M → S be a di7erentiable map from a 3-manifold into a surface. Then f
is a Seifert 8bration if and only if, for every point P ∈ S, there is a rami8ed covering U˜ → U of
an open neighborhood U of P such that the 8ber product M ×S U˜ → U˜ is a trivial di7erentiable
circle bundle over U˜ .
Proof. The fact that f is a Seifert ;bration if f satis;es the above property is easy to prove, and
is left to the reader. The converse follows immediately from the following lemma.
Lemma 2.3. Let p and q be natural integers, with p 
= 0 and gcd(p; q) = 1. Let g :D2 → D2 be
the rami8ed covering g(w) = wp. Then the 8ber product
f˜ : F˜ = (S1 × D2)×fp; q;D2 ;g D2 → D2
is a trivial di7erentiable circle bundle over D2.
Remark 2.4. Note that the ;ber products in the above proposition and lemma are ;ber products in
the category of di2erentiable manifolds.
Proof of Lemma 2.3. The set-theoretic ;ber product of S1 × D2 and D2 over D2 is the set
F = {(u; z; w)∈ S1 × D2 × D2|uqzp = wp}:
Note that F is not necessarily a di2erentiable submanifold of S1 × D2 × D2. The subset F is the
image of the map
 : S1 × D2 → S1 × D2 × D2
de;ned by (u; w) = (u−p; uqw; w). It is then easy to see that , considered as a map from S1 ×D2
into F is a desingularization of F . Therefore, the ;ber product F˜ is di2eomorphic to S1 × D2 and
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the map f˜ is di2eomorphic to the projection on the second coordinate. In particular, f˜ is a trivial
di2erentiable circle bundle over D2.
Remark 2.5. Let f :M → S be a di2erentiable map from a 3-manifold into a surface. Proposition
2.2 states that f is a Seifert ;bration if and only if f is a locally trivial di2erentiable circle bundle
with respect to the rami;ed Grothendieck topology on S.
Let p be a nonzero natural integer. A point P on a 2-dimensional orbifold S is a cone point with
cone angle 2=p if a neighborhood of P is di2eomorphic to the orbifold quotient C==p, where p
is the group of pth roots of unity. A cone point is a trivial cone point, or a regular cone point, if
its cone angle is equal to 2.
Let f :M → S be a Seifert ;bration. It follows from the local description of f that the surface
S has a natural structure of a compact connected 2-dimensional orbifold with only ;nitely many
nontrivial cone points. Indeed, the target of fp;q acquires the orbifold structure of D2==p.
Let a and b be nonzero natural integers satisfying a¿b. Let us denote by S2(a; b) the orbifold
whose underlying surface is S2 with two cone points with angles 2=a and 2=b. If b=1, S2(a; 1)=
S2(a) is the teardrop orbifold.
The following statement is well known [8, Theorems 2.3 and 2.5].
Theorem 2.6 (Scott). Let S be a compact connected 2-dimensional orbifold with cone points only.
If S is not di7eomorphic to S2(a; b), for some integers a and b satisfying a¿b¿ 1, then S is
8nitely covered by a di7erentiable surface S˜.
Corollary 2.7. Let M be a Seifert manifold and let f :M → S be a Seifert 8bration. Suppose that
the orbifold S is not di7eomorphic to S2(a; b), for some integers a and b satisfying a¿b¿ 1. Then
there is an orientable surface S˜ and a 8nite Galois covering S˜ → S such that the 8ber product
f˜ : M˜ =M ×S S˜ → S˜
is a locally trivial di7erentiable circle bundle. Moreover, the induced action of the Galois group
G of S˜=S on M˜ is 8xed point-free.
Proof. It follows from Theorem 2.6 that there is a ;nite Galois covering S˜ → S of the orbifold S
by a di2erentiable surface S˜. Moreover, we may assume S˜ to be orientable, taking the Galois closure
of the orientation double covering if necessary. It is then clear that the ;ber product f˜ is locally
trivial.
In order to show that the induced action of G on M˜ is ;xed point-free, it suPces to show that
the induced action of p on F˜ = S1 × D2 is ;xed point-free, with notation as in Lemma 2.3. The
latter action is easily seen to be ;xed point-free since it is given by  · (u; w) = (r · u;  ·w), for all
xi∈ p and for all (u; w)∈ S1 × D2, where r is the inverse modulo p of −q.
Remark 2.8. The hypothesis on S in Corollary 2.7 is not a very restrictive one: every Seifert man-
ifold M admits a Seifert ;bration f :M → S such that the orbifold S is not of the form S2(a; b),
with a¿b¿ 1 [8].
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3. Klein surfaces
In this section we recall the de;nition of a Klein surface, and we prove some statements that we
need for the proof of Theorem 1.1. Classically, a Klein surface is de;ned as a topological surface
endowed with an atlas whose transition functions are either holomorphic or antiholomorphic [1].
This seems to be a less suitable point of view for what we need since, with that de;nition, a Klein
surface is not a locally ringed space. In particular, the de;nition of a line bundle over such a Klein
surface is cumbersome, and, we would not have at our disposal a ;rst cohomology group of the type
H 1(S;O?) classifying all line bundles on a given Klein surface S. Therefore, we will use another
de;nition of a Klein surface, giving rise to a category equivalent to the category of Klein surfaces
of [1].
Let D be the double open half plane C\R. On D one has the sheaf of holomorphic functions H.
The Galois group # = Gal(C=R) acts naturally on D. Let $ denote complex conjugation in #. We
consider the following algebraic action of # on the sheaf H over the action of # on D. If U ⊆ D
is open and f is a section of H over U , then we de;ne $ · f∈H($ · U ) by
($ · f)(z) = f( Qz)
for all z ∈ $ ·U . Let (H;O) be the quotient of (D;H) by the action of # in the category of locally
ringed spaces. In particular, H = D=# is homeomorphic to the open upper-half plane—or lower
half plane for that matter. Let p :D → H be the quotient map. Then O is the sheaf (p?H)# of
#-invariant sections over H. The sheaf O on H is a sheaf of local R-algebras. Each stalk of O is
noncanonically isomorphic to the R-algebra C{z} of complex convergent power series in z.
A Klein surface is a locally ringed space (S;O), where O is a sheaf of local R-algebras, such that
S is compact connected and separated, and (S;O) is locally isomorphic to (H;O). With the obvious
de;nition of morphisms of Klein surfaces, we have the category of Klein surfaces. Note that, here,
we have only de;ned the notion of a compact connected Klein surface without boundary. For a
more general de;nition of Klein surfaces, the reader may refer to [6].
Basic examples of Klein surfaces are the following. A Riemann surface is a Klein surface. More
generally, let S be a Riemann surface. A Klein action of a ;nite group G on S is an action of
G on S as a Klein surface. Let be given a Klein action of G on S. Suppose that S contains only
;nitely many ;xed points for the action of G. Then the quotient S=G has a natural structure of a
Klein surface.
The following statement is well known.
Theorem 3.1. Let S be a compact connected di7erentiable surface. Then S admits the structure of
a Klein surface.
Proof. If S is orientable, then S admits the structure of a Riemann surface. In particular, S admits
the structure of a Klein surface. Therefore, we may assume that S is not orientable. This means that
S is a (g + 1)-fold connected sum of real projective planes, for some natural integer g. Let C be
any real algebraic curve of genus g without real points. Then, the set of complex points C(C) of
C is a Riemann surface of genus g. Since C is real, the Galois group #=Gal(C=R) acts on C(C)
by holomorphic or antiholomorphic automorphisms. Since C has no real points, the action of # on
C(C) is ;xed point-free, i.e., we are in the presence of a Klein action of # on S. Therefore, the
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quotient C(C)=# has a natural structure of a Klein surface. It is clear that C(C)=# is di2eomorphic
to S as a di2erentiable surface. Hence, S admits the structure of a Klein surface.
There is also a Klein version of the Riemann Existence Theorem. It can either be proven as the
Riemann Existence Theorem, or it can be proven using the Riemann Existence Theorem.
Theorem 3.2. Let S be a Klein surface and let S˜ be a compact connected di7erentiable surface.
If f : S˜ → S is a rami8ed covering of di7erentiable surfaces, then there is a unique structure of a
Klein surface on S˜ such that f is a morphism of Klein surfaces.
Let (S;O) be a Klein surface. A line bundle over S is an invertible sheaf of O-modules. The group
of isomorphism classes of line bundles is isomorphic to the group H 1(S;O?).
We will also need the notion of a di2erentiable line bundle over S. Let C∞ be the sheaf of
di2erentiable complex valued functions on the open double half plane D. The Galois group # =
Gal(C=R) acts on C∞, in a similar way as its action on H. This action extends the action of
# on H. Denote by C the induced sheaf of #-invariant sections on H. We call it the sheaf of
di7erentiable functions on H. The sheaf C on H contains O as a subsheaf. It is now clear that a
Klein surface (S;O) carries an induced sheaf C of di2erentiable functions which contains the sheaf
O as a subsheaf.
A di7erentiable line bundle on a Klein surface (S;O) is an invertible sheaf of C-modules. Again,
the group of isomorphism classes of di2erentiable line bundles on S is isomorphic to H 1(S;C?).
Of course, if L is a line bundle on S, then L⊗O C is a di2erentiable line bundle on S. Let L′ be a
di2erentiable line bundle on S. We say that L′ admits the structure of a Klein bundle if there is a
line bundle L over S such that L⊗O C ∼= L′. The following statement shows that every di2erentiable
line bundle on a Klein surface does admit the structure of a Klein bundle.
Theorem 3.3. Let (S;O) be a Klein surface and let C be the induced sheaf of di7erentiable functions
on S. If L′ is a di7erentiable line bundle on S then there is a line bundle L on S such that
L⊗O C ∼= L′:
Proof. We show that the natural map
H 1(S;O?)→ H 1(S;C?)
is surjective. As in [6], we have exponential morphisms
exp :O→ O? and exp :C→ C?:
They are both surjective, and their kernels are isomorphic. Let K denote their kernels. Then we
have a morphism of short exact sequences
0 → K → O → O? → 0
↓ ↓ ↓
0 → K → C → C? → 0:
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It induces the following commutative diagram with exact rows.
H 1(S;O) → H 1(S;O?) → H 2(S;K) → H 2(S;O)
↓ ↓ ↓ ↓
H 1(S;C) → H 1(S;C?) → H 2(S;K) → H 2(S;C):
Now, C is a ;ne sheaf. Hence, H 1(S;C) = 0, and the map
H 1(S;C?)→ H 2(S;K)
is injective. Moreover, H 2(S;O) = 0 [6]. Hence, the map
H 1(S;O?)→ H 2(S;K)
is surjective. It follows that the natural map
H 1(S;O?)→ H 1(S;C?)
is surjective.
4. Equivariant line bundles on Riemann surfaces
Let S be a Riemann surface and let L be a di2erentiable complex line bundle on S. Let be given
a Klein action of a ;nite group G on S. A di7erentiable Klein action of G on L is an action of
G on L over the action of G on S such that g∈G acts antilinearly on L if and only if g acts
antiholomorphically on S, for all g∈G. If, moreover, L is a holomorphic line bundle on S and G
acts by holomorphic or antiholomorphic automorphisms on the total space L, then the di2erentiable
Klein action is a Klein action of G on L.
Theorem 4.1. Let S be a Riemann surface and let L be a di7erentiable complex line bundle over
S. Let be given a faithful Klein action of a 8nite group G on S and a di7erentiable Klein action
of G on L. Then, there is a structure of a holomorphic line bundle on L such that the di7erentiable
Klein action of G is Klein action of G on L.
Proof. Since the action of G on S is a Klein action, S contains ;nitely many ;xed points P1; : : : ; Pn.
Let G1; : : : ; Gn be the isotropy groups of P1; : : : ; Pn, respectively. Since the action of G on S is a
Klein action, each isotropy group Gi is a ;nite cyclic group of order pi, acting holomorphically
on S. Let 'i be the induced 1-dimensional representation of Gi on the complex tangent space TiS
of S at Pi. Since 'i is a faithful representation and since the induced action of Gi on the ;ber Li
over Pi is complex linear, there is a unique integer qi ∈{0; : : : ; pi − 1} such that the 1-dimensional
representation Li is isomorphic to '
qi
i .
Let K be the holomorphic line bundle O(
∑
qiPi) on S. It is clear that K comes along with a
Klein action of G. Then, K ⊗ L is a di2erentiable complex line bundle on S with a di2erentiable
Klein action of G such that the group Gi acts trivially on the ;ber Ki⊗Li over Pi. Now, it suPces to
show that K⊗L admits a structure of a holomorphic complex line bundle such that the di2erentiable
action of G on K⊗L is a Klein action. Therefore, replacing L by K⊗L, we may assume that qi=0,
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for i= 1; : : : ; n. More precisely, we may assume that, for each i, the action of Gi on the ;ber Li of
L over Pi is trivial.
Let S ′ be the quotient Klein surface S=G, and let p : S → S ′ be the quotient map. Since the action
of Gi on Li is trivial, there is a di2erentiable line bundle L′ on S ′ such that p?L′ is G-equivariantly
isomorphic to L. By Theorem 3.3, L′ has a structure of a Klein bundle over S ′. It follows that
p?L′ has the structure of a holomorphic line bundle such that the action of G on p?L′ is a Klein
action.
5. Uniruled algebraic models
Proof of Theorem 1.1. Let M be an orientable Seifert manifold. We show that there is a uniruled
real algebraic variety X such that M is di2eomorphic to a connected component of X (R).
Choose a Seifert ;bration f :M → S of M . By Remark 2.8, we can suppose that S is di2erent
from S2(a; b). By Corollary 2.7, there is a rami;ed Galois covering
p : S˜ → S
such that the Seifert ;bration
f˜ : M˜ → S˜ ;
obtained from f by base change, is a locally trivial circle ;bration. Moreover, we may assume S˜
and M˜ to be oriented. Let G be the Galois group of S˜ over S. Then G acts naturally on M˜ and f˜
is G-equivariant. The quotient of f : M˜ → S˜ by G is isomorphic to f :M → S as Seifert ;brations.
This means that there is a quotient map
p˜ : M˜ → M


















Since S is a compact connected surface without boundary, S admits a structure of a Klein surface
by Theorem 3.1. By the Riemann Existence Theorem for Klein surfaces, there is a unique structure
of a Klein surface on S˜ such that the map p : S˜ → S is a morphism of Klein surfaces. In particular,
the group G acts on S˜ by automorphisms of S˜. In fact, since S˜ is an oriented Klein surface without
boundary, S˜ is a Riemann surface. The action of G on the Riemann surface S˜ is by holomorphic
or antiholomorphic automorphisms, i.e., we are in the presence of a so-called Klein action of G on
the Riemann surface S˜.
Choose a di2erentiable relative Riemannian metric  on M˜ =S˜. Since G is ;nite, one may assume
that  is G-equivariant. Since f˜ is locally trivial, and since M˜ and S˜ are oriented, there is a relative
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orientation of M˜ =S˜. Hence, the structure group of the locally trivial circle bundle M˜ =S˜ is SO(2).
Since SO(2) = SU(1), there is a di2erentiable complex line bundle L˜ on S˜, that comes along with
a hermitian metric, whose unit circle bundle is M˜ . We also have an action of G on L˜ over the
action of G on S˜ that extends the action of G on M˜ . The action of G on L˜ is a di2erentiable
Klein action since G acts by orientation preserving automorphisms on M˜ . By Theorem 4.1, there is
a structure of a homolomorphic line bundle on L˜ such that the action of G is a Klein action. By
the GAGA-principle, S˜ is a complex algebraic curve and L˜ is a complex algebraic line bundle on
S˜. Moreover, the action of G on L˜ is by algebraic or antialgebraic automorphisms. The restriction
of scalars R(S˜) is a real algebraic surface whose set of real points is di2eomorphic to S˜ [4,5]. The
restriction of scalars R(L˜) is a real algebraic vector bundle over R(S˜) of rank 2, whose set of real
points is di2eomorphic to L˜. The action of G on L˜ induces an algebraic action of G on R(L˜).
Let U be an aPne Zariski open subset of R(S˜) containing the real points of R(S˜) and which is
G-equivariant [2]. Since R(L˜) is a real algebraic vector bundle over an aPne real algebraic variety,
there is a vector bundle V over U such that the direct sum
V ⊕ (R(L˜)|U )
is trivial. Since V ⊕ (R(L˜)|U ) is trivial, there is a real algebraic metric  on the restriction of R(L˜) to
U . Since G is ;nite, we may assume that  is G-equivariant. Let T˜ be the unit circle bundle = 1
in R(L˜)|U . Then T˜ (R) is G-equivariantly di2eomorphic to M˜ . In particular, the quotient T˜ (R)=G is
di2eomorphic to M . Let X be a smooth projective model of T˜ =G. Since G acts ;xed point-freely
on T˜ (R), the quotient T˜ (R)=G is smooth and is, therefore, a connected component of X (R). The
real algebraic variety X is uniruled since a smooth projective model of T˜ is ruled.
Acknowledgements
We are grateful to J+anos Koll+ar for pointing out a mistake in an earlier version of the paper.
We want to thank Jacques Lafontaine and Marc Herzlich for helpful discussions.
References
[1] N.L. Alling, N. Greenleaf, Foundations of the Theory of Klein Surfaces, in: Lecture Notes in Mathematics, Vol. 219,
Springer, Berlin, 1971.
[2] J. Bochnak, M. Coste, M.-F. Roy, Real Algebraic Geometry, in: Ergebnisse der Mathematik und threr Grenzgebiete
(3), Vol. 36, Springer, Berlin, 1998.
[3] R. Hartshorne, Algebraic Geometry, in: Graduate Texts in Mathematics, Vol. 52, Springer, Berlin, 1977.
[4] J. Huisman, The underlying real algebraic structure of complex elliptic curves, Math. Ann. 294 (1992) 19–35.
[5] J. Huisman, Real algebraic di2erential forms on complex algebraic varieties, Indag. Math. (N. S.) 11 (1) (2000)
63–71.
[6] J. Huisman, The exponential sequence in real algebraic geometry and Harnack’s Inequality for proper reduced real
schemes, Comm. Algebra 30 (2002) 4711–4730.
[7] J. Koll+ar, The topology of real and complex algebraic varieties, Taniguchi Conference on Mathematics Nara ’98,
Advanced Studies in Pure Mathematics, Vol. 31, Mathematical Society of Japan, Tokyo, 2001, pp. 127–145.
[8] P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc. 15 (1983) 401–487.
